Many natural and synthetic materials exhibit helical shapes [1] , often driven by anisotropic pre-strains [2] [3] [4] [5] , swelling [6] , plastic coiling [7] , mechanical instability [8] , lattice mismatch [9, 10] , piezoelectricity [11, 12] , molecular tilt [13] , electrostatic interactions [14] , or differential growth [15, 16] . Helical structures also play a key role in engineering programmable matter that exhibits a variety of geometries and functionality in a delicately controlled fashion, and in such emerging stimulated by their applications in nano-elecromechanical systems (NEMS) [17] , active materials [18] , drug delivery [19] , morphing structures in aerospace engineering [20] , optoelectronics [21] , and microrobotics [22] .
Typically, helical ribbon shapes are achieved due to the balancing of surface stress or internal residual stress with elastic restoring forces of bending and stretching. The sophisticated interactions between elastic restoring forces and the molecular orientations and chirality often lead to the selection of different shapes [23] [24] [25] , such as cylindrical helical ribbons and tubules with vanishing Gauss curvature, and twisted ribbons or straight helicoids with non-zero Gauss curvature. For example, charged gemini surfactants with chiral counterions exhibit a transition between helical ribbons with cylindrical curvature and twisted ribbons with Gauss curvature as a function of molecular chain length [26] . Similarly, peptides organized as bilayer membranes [27] form ribbons that helically coil into micron-long nanotubes [28] [29] [30] , and can transition reversibly between a purely twisted shape and a nanotube upon healing and cooling [19] .
Driven by mechanical anisotropy (such as in surface stress or elastic modulus [31] ) and geometric mis-orientation, helical shapes form spontaneously, and the transitions between helicoids, cylindrical helical ribbons, general helical ribbons and tubules can be achieved by tuning few geometric parameters such as the principal curvatures and mis-orientation angle [3, 5] . In twist-nematic-elastomer films, for example, the chiral molecular arrangement of liquid crystal mesogens drives the shape selection of helicoids and spiral ribbons due to the coupling between the order of liquid crystalline and elasticity [23] . Nevertheless, the role of geometric nonlinearity in shape selection of helical geometries remains incompletely understood. In particular, geometric nonlinearity has recently been shown to be key in multi-stable structures [32] featuring more than one stable shape arise in a variety of natural and engineering systems [33] [34] [35] [36] [37] [38] . Such structures have inspired design principles of deployable or smart actuation devices with multiple stable shapes each functioning in its own regime. However, to our knowledge there have been few, if any, reports on multi-stable helical ribbon structures where both mechanical anisotropy and geometric nonlinearity are operating, although rod-like bistable helices have been studied through theory and experiments. Nor has the principle of shape selection and the nonlinear geometric effects in the formation of helical ribbons been well addressed.
In this letter, we show that the cooperation and compromise between the mechanical anisotropy and geometric nonlinearity lead to novel shape selection and multi-stability in spontaneous bending and twisting of ribbons. A new theoretical framework has been proposed to address the origin of bistability due to geometric nonlinearity in square or rectangular plates, inspired by the bistable structures in nature and engineering, such as the Venus flytrap [33] and slap bracelets [35, 38] . Here we extend such work to study spontaneous bending and twisting of slender ribbons with mechanical anisotropy and geometric mis-orientation, and illustrate the principles of shape selection and instabilities of helical ribbons. Specifically, the transition from helical ribbons with non-zero Gauss curvature to nearly cylindrical helical ribbons with vanishing Gauss curvature occurs when the dimensionless parameter ζ goes beyond certain threshold. Moreover, the purely twisted ribbons can bifurcate into two nearly cylindrical helical ribbons with the same chirality but different bounding axes that are perpendicular to each other.
Our theory reveals the selection principles of shapes and multi-stability in helical geometries based on three-dimensional elasticity theory that incorporates mechanical anisotropy, geometric mis-orientatoin and nonlinear geometric effects. The shapes and spatial orientations of the helical geometries, the latter of which were often overlooked, are predicted quantitatively besides other geometric parameters (helix angle, radius and chirality), and validated through simple, table-top experiments. Our work will foster understanding of the morphogenesis and instability of thin objects in nature and engineering, and has important implications in designing new functional structures and devices that can be applied for optoelectronics [21] , microrobots [22] , morphing structures [20] , and drug delivery systems [19] .
In our theoretical framework, the ribbon is modeled as an elastic strip with length L, small width), however, can bear principal curvatures κ 1 and κ 2 are along the axes r 1 and r 2 with a mis-orientation angle φ within the ribbon plane [3, 5] . Then a point P (P(s) = X(s)E x + Y (s)E y + Z(s)E z ) on the centerline of the deformed ribbon can be parameterized by the arclength s:
The geometric parameters of the helical ribbon can be determined from the values of κ 1 , κ 2 , and φ. For example, the helix angle between the central axis of the bounding cylinder and the widthwise axis (d y ) of the ribbon is Φ = arctan {(
radius of the bounding cylinder is R = (
. In addition, the helix chirality is set by the sign of the helix angle, sgn(Φ). It is also worth noting that not only are these geometric parameters are derived, but the orientation of the helix can be determined, e.g., the helix axis is M = applications, for example, the anomalous coiling of helical semiconductor nanoribbons [9] featuring variations of helix pitch, angle, radius and orientation.
A variety of shapes including helical cylindrical shapes, rings, purely twisted ribbons, with different spatial orientations as shown in Figure 2 , can be achieved just by tuning the values of κ 1 , κ 2 (or equivalently the mean curvature and Gauss curvature) and mis-orientation angle φ (which is nevertheless fixed in Figure 2 ). Although geometrically distinct, each shape represents an element in a subset of a complete class of two-dimensional manifolds controlled by these three independent geometric variables [5] .
To obtain the values of κ 1 , κ 2 and φ, we employ a theoretical model based on linear elasticity theory, differential geometry and stationarity principles, which takes into consideration both the non-uniform bending and mid-plane stretching due to geometric nonlinearity. We consider the conformation of a small piece of the ribbon onto the surface of a torus to account for the geometric nonlinearity. The total potential energy density per unit area of the ribbon
where C is the fourth-order elastic constant tensor. It is worth noting that for an elastically anisotropic ribbon, the principal bases of C may not coincide with {d x , d y , d z }. At equilibrium, Π must be stationary with respect to the unknown parameters κ 1 and κ 2 , i.e., ∂Π/∂κ i = 0 (i = 1, 2).
We have previously shown [3, 5] that it is sufficient to consider only the deformation when the ribbon is subjected to an effective surface stress on the bottom surface (z = −H/2),
, because the problem with two surface stress tensors acting on both top and bottom surfaces can be reduced to a problem with only one surface stress, when only the bending mode is of practical interest for the mechanical self-assembly of helical ribbons.
To arrive at concise, analytic solutions, we assume the material properties are isotropic and homogeneous, with Young's modulus E and Poisson's ratio ν. But in principle, the theoretical framework adopted herein can be generalized to study more complex systems with heterogeneity.
For the isotropic case under consideration, the potential energy per unit length of the strip can be more explicitly written as Π ≈ −( In the small width regime (W ≪ W 0 ), or equivalently, when (ζ ≪ ζ 0 ), applying stationarity principles yields κ 1 = 6(f 1 − νf 2 )/EH 2 , κ 2 = 6(f 2 − νf 1 )/EH 2 . This corresponds to the cases discussed in the previous studies by Chen et al. [3, 5] . In the large width regime (W ≫ W 0 or ζ ≫ ζ 0 ), by contrast, the geometric nonlinearity requires that either κ 1 = 0 or κ 2 = 0 for the most parts (except near the edges), otherwise the stretching energy Π g is going to be very large compared with the bending energy Π b , and hence inadmissible.
This leads to bifurcated solutions φ = 0 and κ 1 = 6(1 − ν 2 )f 1 /EH 2 and φ = π/2 and Young's modulus [39] . Obviously, bending along the large principal surface stress direction is more energetically favorable. It can also be shown that the ribbon is bistable only when
The corresponding examples are illustrated in the following experiments (Fig. 5) .
Our theoretical framework predicts shapes selection of ribbons of tunable morphologies and associated multi-stability. To compare with the theoretical predictions, a series of simple, table-top experiments were performed to achieve a variety of shapes and different multi-stability. A sheet (or two sheets) of latex rubber was pre-stretched and bonded to an elastic strip of thick, pressure-sensitive adhesive [5] . The pre-stretches in the principal directions are p and q respectively. For convenience, we define "Gauss surface stress" as f g = (f 1 − νf 2 )(f 2 − νf 1 ), since this quantity will dictate the design of Gauss curvature For ribbons subjected to a negative "Gauss surface stress" (f g < 0), however, a bifurcation occurs when the width increases and goes beyond the threshold, leading to the dramatic change from a mono-stable helical ribbon with negative Gauss curvature to one of the two nearly cylindrical helical ribbons with almost zero Gauss curvature. Figure 4 shows good agreements between theoretical predictions and the experiments when the width is smaller than the critical width ( when W = 12.5mm < W 0 ≈ 15.4mm). In this case, mono-stable helical ribbons with negative Gauss curvature form. Subjected to the same set of surface stresses, however, the helical ribbons would spontaneously deform into one of the two nearly cylindrical shapes when the width went well beyond the threshold (i.e., W = 48.0mm
≫ W 0 ≈ 15.4mm), as shown in Figure 5 . For example, a purely twisted ribbon with zero bounding radius and π/2 helix angle formed when f 1 = −f 2 , φ = π/4 and the width was small enough (see Figure 4) . However, as the width became much larger than the threshold, We also applied our theory to the shape transitions in the central hydrophobic nucleating core of the Aβ peptide of Alzheimer's disease, Aβ (16) (17) (18) (19) (20) (21) (22) [28] . In solution, this peptide assembles into purely twisted ribbons or cylindrical helical ribbons [30] . In the case of purely twisted ribbons [30] , we notice that the tilt angle is zero when the ribbon is very narrow, which indicates that it is a purely twisted ribbon such that κ . 6 ). for the main interior regions. When the "Gauss surface stress" is positive (i.e. the principal surface stresses have the same sign), the nearly cylindrical shape bends long the axis on which the principal curvature has a higher magnitude where the total potential energy is locally and globally minimized. While if the "Gauss surface stress" is negative (i.e.the principal surface stresses have different signs), the system bifurcates into one of the two locally stable states, bending about one of the two principal axes.
This work generalizes the results of our previous work on helical ribbons with relatively small width that bear non-zero Gauss curvatures when subject to non-zero "Gauss surface stresses". Table- top experiments were also performed with composites formed by bonding a pre-stretched sheet (or two sheets) of elastomer with an elastic layer of soft acrylic, demonstrating the design principle of tunable geometries with desirable mechanical multi-stability.
Our work has important implications on the abnormal coiling shapes of helical semicon-13 ductor, peptides, and nematic ribbons, where the variations in dimensions (i.e., the width and thickness) lead to helical ribbons of different shapes and orientations. A comprehensive theoretical framework is established for predicting and designing the shapes of helical structures with tunable parameters and predictable instability that can be used in a broad range of biological and engineering applications. The current results can also be pertinent to the spontaneous curling, twisting, buckling and wrinkling of graphene sheets [40] and strained multilayer structures [9, 10, 41] where both geometric nonlinearity and mechanical anisotropy play important roles on the geometric shape, mechanical, electronic and optical properties of materials.
